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Abstract
In this paper, we give geometric axioms and a numerical characterization of the complete principal
truncations of Dowling lattices at modular flats. Using these characterizations, we show that these
truncations are determined by their Tutte polynomials up to the order of the group.
 2003 Elsevier Inc. All rights reserved.
Keywords: Matroid; Dowling lattice; Tutte polynomial
1. Introduction
The Tutte polynomial is a two-variable polynomial defined for each matroid and it
is an important invariant for matroids [6,8]. A matroid is dichromatically unique if it is
determined by its Tutte polynomial. A natural problem is to find classes of dichromatically
unique matroids. Projective geometries are classic examples that are characterized by
their Tutte polynomials. Dowling lattices are another important class of matroids that are
dichromatically unique up to the order of the groups [3].
Dowling lattices were discovered by Thomas Dowling in [9,10]. Ever since their
introduction, Dowling lattices have been important research subjects in matroid theory.
Fix a group G, Kahn and Kung proved that the class of matroids that are submatroids of
some Dowling lattice over G form a variety: the class is closed under taking minors and
direct sums; and for each positive integer n, the Dowling lattice Qn(G) of rank n is a
universal model, that is, any matroid of rank n in the class is a submatroid of Qn(G). More
importantly, they showed that this class and the representable matroids over a fixed field
are the only nondegenerate varieties.
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[1], and Bogart and Bonin [2]. In [2], Bogart and Bonin characterized Dowling lattices
using geometric axioms.
Theorem 1.1 [1]. A geometry (simple matroid) of rank greater than three is a Dowling
lattice Qn(G), for some group G, if and only if there is a basis B = {p1,p2, . . . , pn} such
that the following conditions hold.
(D1) Each point lies on a coordinate line cl({pi,pj }) where 1  i < j  n and the
coordinate lines are nontrivial.
(D2) For distinct i , j , k, and for points x ∈ cl({pi,pj })− {pi,pj } and y ∈ cl({pi,pk})−
{pi,pk}, the line cl({x, y}) is nontrivial.
Bonin and Miller [3] proved that enumerative information of certain flats is enough for
a matroid to have a basis satisfying Theorem 1.1. Furthermore, this information can be
obtained from the Tutte polynomial of the matroid. Since Qn(G) and Qn(G′) share the
same numerical information [9] for nonisomorphic groups G and G′ of the same order,
Dowling lattices are dichromatically unique up to the order of the group.
The basis points in Theorem 1.1 are called joints of the Dowling lattice. In one deletes
the joints, the resulting matroid is called a jointless Dowling lattice. Similar results to [2,3]
on the jointless Dowling lattices were obtained by Sarmiento [15]. One of the main results
of [15] is that the jointless Dowling lattices are dichromatically unique up to the order of
the group.
In this paper, we will study the complete principal truncations of Dowling lattices
at modular flats. First, in Section 2, we look at the construction of complete principal
truncations of Dowling lattices at modular flats. In Section 3 we characterize these
truncations by geometric axioms. This material generalizes the work of Bogart and
Bonin [2] and the proof uses the work of Bogart and Bonin [2] and Kahn and Kung [13]
on Dowling lattices. Then in the next section we extend work of Bonin and Miller [3]. We
provide a characterization of complete principal truncations of Dowling lattices in terms of
the cardinalities of flats of the first seven ranks. In Section 5 shows that all of this numerical
data can be read off of the Tutte polynomial. Hence, these matroids are determined, up to
the order of the group, by their Tutte polynomials.
We will use the same notations as in [14]. A simple matroid is called a geometry. When
a contraction is taken, we consider the corresponding geometry—the simplification of the
contraction.
2. Complete principal truncations
Let M be a geometry and let F be a flat of M of rank r > 1. Add freely an (r(F )− 1)-
element independent set X to F and then contract X. The resulting geometry is called the
complete principal truncation of M at F , or Brown truncation and it is denoted by TF (M).
This construction was introduced by Brown [4] and investigated further by Brylawski [5,7].
The flat F becomes a point in TF (M). In general, a flat of M is a flat of TF (M) if and only
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principal truncations.
Now assume that G is a finite group and consider the rank-(n + r) Dowling lattice
Qn+r (G) with joints p1,p2, . . . , pn+r . One can label the internal points αij for i = j
and 1  i < j  n + r , and α ∈ G such that for all i < j < k, the points αij , βjk ,
and (αβ)ik form a three point line [13]. Let F be a modular flat of Qn+r (G), then the
restriction Qn+r (G)|F is isomorphic to Qr(G) [9]. Without loss of generality, assume F
is the flat clN({pn+1,pn+2, . . . , pn+r }). Consider the complete principal truncation M =
TF (Qn+r (G)). For reasons explained at the end of the section, we only need to describe the
points and lines of M . The flat F becomes a point in M and all points of Qn+r (G) out of
F remain points. There are no other points in M . The closure H = clM({p1,p2, . . . , pn})
is a hyperplane of M and the restriction to this hyperplane is isomorphic to Qn(G). Let p0
denote the point corresponding to F , and for 1 i  n,n+ 1 j  n+ r , denote by Xij
the set {αij : α ∈G.}. For each 1 i  n, the line clM({p0,pi}) contains r|G| + 2 points,
and clM({p0,pi}) = {p0,pi} ∪ (⋃n+rj=n+1 Xij ). For any point x ∈ Xij and y ∈ Xkl where
i = k, the line clM({x, y}) is a three point line if and only if j = l. And when j = l, the line
clM({x, y}) is a trivial line, i.e., it contains only two points. The next proposition describes
the nontrivial lines of M .
Proposition 2.1. The nontrivial lines of M are the following:
(1) the n lines clM({p0,pi}), for 1 i  n, each of which has r|G| + 2 points;
(2) the (n2) lines clM({pi,pj }), for 1 i < j  n, each of which has |G| + 2 points;
(3) the (n2)r|G|2 three-point lines {αij , βjk, (αβ)ik} for all i, j, k with 1 i < j  n and
n+ 1 k  n+ r , and all α,β ∈G;
(4) the (n3)|G|2 three-point lines {αij , βjk, (αβ)ik} for all i, j, k with 1  i < j < k  n
and all α,β ∈G.
Let B = {p0,p1, . . . , pn}; then B is a basis of M . Furthermore, using Theorem 1.1 and
properties of complete principal truncations one can easily see that this basis satisfies the
following conditions.
(C1) Each point lies on a coordinate line clM({pi,pj }) where 0  i < j  n and the
coordinate lines are nontrivial.
(C2) For distinct i , j , k with i = 0, and for points x ∈ clM({pi,pj }) − {pi,pj } and
y ∈ clM({pi,pk})− {pi,pk}, the line clM({x, y}) is nontrivial.
For each 1  i  n, the hyperplane clM(B − {pi}) of M is modular in M because it
meets every line of M . Since the intersection of modular flats is again a modular flat, the
geometry M has a saturated chain of modular flats. A geometry is supersolvable if it has a
saturated chain of modular flats. Therefore we have the following proposition.
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M is
χ(M;λ)= (λ− 1)
n−1∏
k=0
[
λ− (r|G| + 1)− k|G|].
A set X of points in a geometry is line-closed if the entire line spanned by any two points
of X is contained in X. A geometry is called line-closed if its flats are the only line-closed
sets [11,12]. A line-closed geometry is determined by the set of its points and the set of
its lines. A supersolvable geometry is line-closed [11,12]. From the above proposition, the
geometryM is line-closed. Hence the set of points and the collection of line will determine
the geometry M . We will show in next section that the axioms (C1) and (C2) characterize
the complete principal truncations of Dowling lattices at modular flats.
3. Geometric axioms
One of our main results is that the following geometric axioms characterize the complete
principal truncations of Dowling lattices at modular flats. Without causing any confusion,
we will use cl(X) to denote the closure of X in M throughout this section.
Theorem 3.1. Let n 3 be an integer and let M be a rank-(n+1) finite geometry. Then M
is isomorphic to Qn+1(G) for some group G or TQr(G)(Qn+r (G)) for some group G and
some integer r > 1 if and only if M has a basis p0,p1,p2, . . . , pn such that the following
conditions hold.
(C1) Each point lies on a coordinate line cl({pi,pj }) where 0  i < j  n and the
coordinate lines are nontrivial.
(C2) For distinct i , j , k with i = 0, and for points x ∈ cl({pi,pj }) − {pi,pj } and
y ∈ cl({pi,pk})− {pi,pk}, the line cl({x, y}) is nontrivial.
Before proving this theorem, we note that it generalizes Theorem 1.1. When n= 2, the
theorem is no longer true. Construct M as follows. Take a basis p0, p1, and p2 such that
clM({p0,pj }) = {p0,pj , a0j , b0j , c0j } for j = 1,2 and cl({p1,p2}) = {p1,p2, a12, b12}.
Let {a01, a12, a02}, {a01, b12, b02}, {b01, a12, b02}, {b01, b12, c02}, {c01, a12, c02}, and {c01,
b12, a02} be the other nontrivial lines of M . Than M satisfies the axioms but is not
isomorphic to a Dowling lattice or the complete principal truncation of a Dowling lattice.
See [1,2] for other examples.
Proof. We just need to prove that if a geometry M has a basis satisfying the axioms, then
M is isomorphic either to a Dowling lattice or to a complete principal truncation of a
Dowling lattice at a modular flat. Let H be the hyperplane spanned by p1, p2, . . . , pn.
An easy counting shows that the lines of form cl({pi,pj }) have the same cardinality
for 1  i < j  n by (C2). Let g be a positive integer such that each line cl({pi,pj })
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for 1 i  n. Pick any x in cl({p0,p1}). For 2 i  n, let
Si =
{
z
∣∣ z ∈ cl({p0,pi})∩ cl({x, a}) for some a ∈ cl({p1,pi})− {p1,pi}}.
By (C2), each set Si has g elements. Let S1,i be
{
y
∣∣ y ∈ cl({p0,p1})∩ cl({z, a}) for some z ∈ Si and a ∈ cl({p1,pi})− {p1,pi}}.
Condition (C2) implies that each set S1,i has g elements. We claim that the sets
S1,2, S1,3, . . . , S1,n are equal. First we show that if i and j are distinct integers in
{2,3, . . . , n} and w ∈ Si and z ∈ Sj , then cl({w,z}) intersects cl({pi,pj }) in a point.
Indeed, by the definition of Si we have that x, a,w are collinear for some a in
cl({p1,pi})−{p1,pi}; similarly x, b, z are collinear for some b in cl({p1,pj })−{p1,pj }.
Now a and b span a three-point line {a, b, c} in the Dowling lattice M|H for some
point c ∈ cl({pi,pj }) − {pi,pj }. Therefore the intersection of the two distinct planes
cl({x, a, b}) and cl({p0,pi ,pj }) contains the points w,z, c, so these three points are
collinear. Thus cl({w,z}) intersects cl({pi,pj }) in the point c.
Let i and j be distinct integers in {2,3, . . . , n}. To show that S1,i = S1,j , let x ′
be in S1,i . There is a point w in Si and a point d in cl({p1,pi}) − {p1,pi}} with
{x ′} = cl({p0,p1}) ∩ cl({w,d}). Let z be in Sj . By the result in the last paragraph, w
and z are collinear with a point, say e on cl({pi,pj }). Since d and e are in the sets
cl({p1,pi})− {p1,pi} and cl({pi,pj })− {pi,pj } of the Dowling lattice M|H , it follows
that {d, e, f } is a three-point line of M|H for some point f in cl({p1,pj }) − {p1,pj }.
Therefore the intersection of the two distinct planes cl({w,e, d}) and cl({p0,p1,pj })
contains the points x ′, f, z, so these three points are collinear. This shows that x ′ is in
S1,j , as desired. It follows that the sets S1,2, S1,3, . . . , S1,n are equal; denote this set by S1.
We have proven something stronger: the line spanned by any point of Sj and any
point of S1 is nontrivial. We have also shown that the same is true of lines spanned
by points in Si and Sj for distinct i and j in {2,3, . . . , n}. The restriction of M to
H ∪ {p0} ∪ S1 ∪ S2 ∪ S3 ∪ · · · ∪ Sn satisfies the axioms (D1) and (D2) of a Dowling lattice
and so is a Dowling lattice based on some group of order g. Suppose this restriction is
isomorphic to the Dowling lattice Qn+1(G) for some group G of order g with joints p0,
p1, p2, . . . , pn. We can label the internal points αij for 0 i < j  n such that αij , βjk ,
and (αβ)ik are colinear for i < j < k.
If M has no other points, then M is isomorphic to Qn+1(G) and we are done. So we
can assume that M has more points.
Using (C2) one proves that all the lines cl({p0,pi}) with 1  i  n have the same
cardinality. Therefore there exists a point y ∈ cl({p0,p1})− (S1∪{p0,p1}). For 2 i  n,
let
Ti =
{
z
∣∣ z ∈ cl({p0,pi})∩ cl({y, a}) for some a ∈ cl({p1,pi})− {p1,pi}}.
By (C2), each set Ti has g elements. Let T1,i be
{
v
∣∣ v ∈ cl({p0,p1})∩ cl({z, a}) for some z ∈ Ti and a ∈ cl({p1,pi})− {p1,pi}}.
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Si = Sj . Denote the set Ti = Tj by T1. From (C2) and the definition of Si and Ti for 1 i 
n, it follows that Si ∩ Ti = ∅ and that any point in Si and any point in Tj form a two point
line for i = j . Consider the restriction of M on the set H ∪ {p0} ∪ T1 ∪ T2 ∪ T3 ∪ · · · ∪ Tn.
This restriction satisfies the axioms (D1) and (D2), so it is isomorphic to Qn(G′) for some
group G′ of order g. We will show that G′ is isomorphic to G by extending the labeling of
the points in H to the points in T1∪T2∪T3∪· · ·∪Tn. We will label the points in two steps.
First, label the point y by (, the identity of G. For any point z ∈ Ti where i > 1, the line
cl({y, z}) meets the line cl({p1,pi}) in a point. If this point is labeled α1i , then label the
point z by α. All points in the union T2∪T3∪· · ·∪Tn will be labeled by the elements of G.
Now we prove that for 1 < i < j  n and u ∈ Ti and v ∈ Tj , if u is labeled α, v is labeled
γ and u, v, and βij ∈ cl({pi,pj }) are colinear, then we have αβ = γ . The line cl({y,u})
meets the line cl({p1,pi}) in α1i and the line cl({y, v}) meets the line cl({p1,pj }) in γ1j .
Since the plane cl({y,u, v}) meets the plane cl({p1,pi,pj }) in a line, we must have α1i ,
βij , and γ1j colinear. Therefore, by the labeling of H , αβ = γ .
Next, we label the points in T1 by the elements of G. The point y is already labeled (,
the identity of G. Pick any point w in T1 − {y}, then the line cl({w,(12}) meets the set T2
in a point labeled say α. Label the point w by α. We have to show that this label agrees
with the labeling of T2 ∪ T3 ∪ · · · ∪ Tn. We first show that w, β1i , and αβ ∈ Ti are colinear
for i > 2. Now w, β12 ∈ H , and αβ ∈ T2 are colinear, β12 ∈ H , (2i ∈ H , and β ∈ H are
colinear, and αβ ∈ T2, (2i ∈ H , and αβ ∈ Ti are colinear. Thus the points w, β1i , and
αβ ∈ Ti are the intersection of the planes cl({p0,p1,pi}) and cl({w,β12, β1i}). Therefore
w, β1i , and αβ ∈ Ti are colinear. We then prove that w, β12, and αβ ∈ T2 are colinear. This
is true because w, β1i , and αβ ∈ Ti ; β12, (2i , and β1i ; and αβ ∈ T2, (2i , and αβ ∈ Ti are all
three point lines.
Therefore, we can extend the labeling of H to a labeling of the union of T1 ∪ T2 ∪ T3 ∪
· · · ∪ Tn. This shows that G′ is indeed isomorphic to G.
If M has not other points, then M is isomorphic to TQ2(G)(Qn+2). If M has other points,
one can repeat the process. Since M is finite, one can assume that the process stops after r
steps for some positive integer r . Then there are rg+ 2 points on each line cl({p0,pi}) for
each 1 i  n. Then by summing up the proof, M is isomorphic to TQr(G)(Qn+r ). ✷
The rank-s Dowling geometry determined by the trivial group is isomorphic to the cycle
matroid of the complete graph. When g is 1, the group G is the trivial group and the
geometry M is isomorphic to the complete principal truncation of a cycle matroid of a
complete graph, namely TM(Kr+1)(M(Kn+r+1)). Therefore, we get the following special
case of Theorem 3.1.
Corollary 3.2. Let M be a rank-(n + 1) geometry. Then M is isomorphic to M(Kn+2)
when r = 1 or to TM(Kr+1)(M(Kn+r+1)) when r > 1 if and only if M has a basis
p0,p1,p2, . . . , pn such that the following conditions hold.
(1) Each point lies on a coordinate line cl({pi,pj }) where 0 i < j  n.
(2) For each i with 1 i  n, the line cl({p0,pi}) contains r + 2 points; for i and j with
1 i < j  n, the line cl({pi,pj }) contains three points.
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y ∈ cl({pi,pk})− {pi,pk}, the line cl({x, y}) is nontrivial.
4. Numerical characterization
In this section, we will give a numerical characterization of the underlying geometries
of complete principal truncations of Dowling lattices at modular flats. This is based on the
cardinalities of flats of the first seven ranks. This extends work in Bonin and Miller [3].
Theorem 4.1. Let r , g, and n be positive integers such that r > 2, g > 1, and n  3.
Assume that M is a rank-(n+ 1) geometry such that:
(1) M has nrg + (n2)g+ n+ 1 points,
(2) M has n lines with rg+2 points, (n2) lines with g+2 points, (n2)rg2 + (n3)g2 lines with
three points, and no other nontrivial lines,
(3) M has (n2) planes with 2rg + g + 3 points, and no other planes of M contain more
than rg + 3 points,
(4) M has (n3) rank-4 flats with 3rg+3g+4 points, and no other rank-4 flats of M contain
at least 3rg+ 3g+ 3 points,
(5) M has (n4) rank-5 flats with 4rg + 6g + 5 points, (n3)(n−32 )g rank-5 flats with
3rg + 3g+ 5 points, and no other rank-5 flats with at least 3rg + 3g+ 5 points,
(6) the rank-6 flats (if any) with most points have 5rg + 10g + 6 points, and no other
rank-6 flats have more than 4rg+ 6g+ 6 points, and
(7) all rank-7 flats (if any) have at most 6rg + 15g+ 7 points.
Then M is the simplification TQr(G)(Qn+r (G)) of the complete principal truncation of the
Dowling lattice Qn+r (G) at a modular flat of rank r for some group G of order g.
Proof. We will prove this theorem by constructing a basis p0,p1, . . . , pn that satisfies
conditions (C1) and (C2). This is done through a series of claims.
Claim 1. If F is a rank-4 flat of M and P1, P2, P3 are any three planes with 2rg + g + 3
points such that Pi ⊂ F for i = 1,2,3, then |P1 ∩P2 ∩P3| 1.
Proof. If this fails, then the intersection has rank 2, and hence is a line. Suppose l =
P1 ∩ P2 ∩ P3. By assumption (4), we have
3rg+ 3g+ 4 |F | |P1 ∪P2 ∪ P3| = 3(2rg+ g + 3)− 2|l|,
so
2|l| 3rg+ 5,
and |l| (3rg + 5)/2> rg + 2 which, by (2), is impossible. ✷
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that P1,P2 ⊂ F , then P1 ∩ P2 is a line with rg + 2 points. Furthermore |P1 ∪ P2| =
3rg + 2g + 4.
Proof. Since
|P1 ∪ P2| = 2(2rg+ g+ 3)− |P1 ∩P2| |F | 3rg + 3g+ 4,
we have
|P1 ∩ P2| rg − g + 2 > g + 2
because r > 2. Hence P1 ∩ P2 is a line and |P1 ∩ P2| = rg + 2. Thus |P1 ∪ P2| =
2(2rg+ g + 3)− (rg + 2)= 3rg+ 2g+ 4. ✷
Claim 3. A rank-4 flat F of M contains at most three maximal-sized planes.
Proof. By the first two claims, any two maximal-sized planes contained in F intersect in
an (rg + 2)-point line and any three maximal-sized planes contained in F intersect in at
most a point. If there were four maximal-sized planes P1, P2, P3, and P4 contained in F ,
then by using the principle of inclusion-exclusion, we get
|P1 ∪P2 ∪P3 ∪P4|
=
4∑
i=1
|Pi | −
∑
1i<j4
|Pi ∩ Pj | +
∑
1i<j<k4
|Pi ∩ Pj ∩Pk | − |P1 ∩P2 ∩ P3 ∩ P4|
= 4(2rg+ g + 3)− 6(rg + 2)+
∑
1i<j<k4
|Pi ∩Pj ∩ Pk| − |P1 ∩P2 ∩P3 ∩ P4|.
Thus
|P1 ∪ P2 ∪ P3 ∪P4| 4(2rg+ g+ 3)− 6(rg+ 2)+ 4= 2rg + 4g+ 4
< 3rg+ 2g+ 4 = |P1 ∪ P2|,
but this is impossible since |P1 ∪P2 ∪P3 ∪P4| |P1 ∪P2|. Therefore, F contains at most
three maximal-sized planes. ✷
Claim 4. If a rank-4 flat F of M contains three maximal-sized planes, then F contains
3rg + 3g + 4 points, that is, the flat F is a maximal-sized rank-4 flat of M .
Proof. If F contains three maximal-sized planes P1, P2, and P3, then
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3∑
i=1
|Pi | −
∑
1i<j3
|Pi ∩Pj | + |P1 ∩P2 ∩P3|
= 3(2rg+ g + 3)− 3(rg + 2)+ |P1 ∩ P2 ∩ P3|
 3(2rg+ g + 3)− 3(rg + 2)= 3rg + 3g+ 3.
By assumption (4), F must be a maximal-sized flat of rank 4. ✷
Claim 5. If a maximal-sized rank-4 flat F of M contains three maximal-sized planes,
P1, P2, and P3, then F contains at most three (g + 2)-point lines. If F contains three
(g + 2)-point lines, then F has three concurrent (rg + 2)-point lines and all points of F
are contained either in a line with rg + 2 points or in a line with g + 2 points.
Proof. Since, by Claim 2, any two of these three maximal-sized planes intersect in a
maximal-sized line, and since |P1 ∩ P2 ∩ P3| 1 by Claim 1, the three planes give three
distinct lines with rg+ 2 points. Let li = Pj ∩Pk for {i, j, k} = {1,2,3}. These three lines
either intersect at a common point or are parallel (coplanar but with no common point)
because any two of them are coplanar.
If l1, l2, and l3 intersect in a common point, then there are exactly g additional points
on each of the planes. Assume that there is a (g + 2)-point line l contained in F . Since
g > 1, the line l is contained in one of the planes P1, P2, P3. Moreover the g additional
points of such plane are on l. The other two points of l lie on the two of the lines li . Hence
there are at most three lines with g + 2 points in F . Assume that there are three lines in F
that contain g+ 2 points. Then the g additional points in each of the maximal-sized planes
are collinear with one point on each of the maximal-sized lines in the plane, so there are
no other points in F .
If the lines l1, l2, and l3 are parallel to each other, then for i = 1,2,3, there are g − 1
points in Pi that are not contained in the maximal-sized lines. Hence, there are no (g+ 2)-
point lines that are contained in F . ✷
Claim 6. If a maximal-sized rank-4 flat F of M contains three maximal-sized planes, P1,
P2, and P3, and three (g + 2)-point lines, then F contains at most 3rg2 + g2 three-point
lines. If F contains 3rg2 + g2 three-point lines, then there are points p0, p1, p2, and p3
that satisfy conditions (C1) and (C2).
Proof. Let li = Pj ∩ Pk for {i, j, k} = {1,2,3}. By Claim 2 and the proof of Claim 5,
these three lines are (rg + 2)-point lines and they intersect at a common point; let the
point of intersection be p0. From Claim 5, each plane Pi contains a (g + 2)-point line
for each i = 1,2,3. Denote the (g + 2)-point line in Pi by ljk for {i, j, k} = {1,2,3}.
The plane Pi consists of the union of the lines ljk , lj , lk , for i = 1,2,3. Thus there are
at most rg2 lines with three points, so there are at most 3rg2 three-point lines that are
contained in the planes P1, P2, and P3. The union of the planes P1, P2, and P3 has exactly
3rg + 3g + 4 = |F | points, thus F = P1 ∪ P2 ∪ P3. All other three-point lines of F must
contain a point from each set lij − (li ∪ lj ) for all pairs {i, j } ⊂ {1,2,3}, hence there are at
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F contains 3rg2 +g2 three-point lines, then there are g2 such three-point lines that contain
a point in each set lij − (li ∪ lj ) for {i, j } ⊂ {1,2,3}. This forces the three lines l12, l13, and
l23 to be coplanar. Therefore, the lines li , lij , and lik intersect in a common point for each
triple {i, j, k}. Denote the intersection li ∩ lij ∩ lik by pi for each triple {i, j, k}. Conditions
(C1) and (C2) are satisfied by p0, p1, p2, and p3 by counting the number of three-point
lines in F . ✷
Claim 7. If r(M) = 4, then M has a basis p0, p1, p2, p3 that satisfies properties (C1)–
(C2). Thus M is isomorphic to TQr(G)(Q3+r (G)) for some group G of order g.
Proof. This follows immediately from Claim 6 and Theorem 3.1. ✷
From now on, assume r(M) 5.
Claim 8. Any rank-5 flat F of M contains at most four rank-4 flats with 3rg + 3g + 4
points.
Proof. Suppose F contains m rank-4 flats, say F1,F2, . . . ,Fm, each of which has 3rg +
3g+ 4 points. Since for any pair i, j with 1 i < j m, we have
4rg+ 6g + 5 |F | |Fi ∪Fj | = 2(3rg+ 3g+ 4)− |Fi ∩ Fj |,
we get
|Fi ∩Fj | 2rg+ 3.
Hence Fi ∩ Fj is a plane with 2rg + g + 3 points by assumption (3). Furthermore, for
distinct i, j, k, we have Fi ∩ Fj = Fi ∩ Fk , for otherwise
4rg + 6g+ 5 |F | |Fi ∪ Fj ∪Fk | 3|Fi | − 2|Fi ∩Fj |;
since |Fi | = 3rg+ 3g+ 4, this gives
|Fi ∩ Fj |> 2rg+ g + 3,
which contradicts assumption (3) that no plane of M has more than 2rg + g+ 3 points.
Now F1 ∩F2,F1 ∩F3, . . . ,F1 ∩Fm are m− 1 different planes with 2rg+ g+ 3 points
that are contained in F1. By Claim 3 we have m− 1 3, so m 4 as claimed. ✷
Claim 9. Assume r(F )= 5 and that F contains four rank-4 flats with 3rg+ 3g+ 4 points.
Then F has four (rg + 2)-point lines. These four lines intersect in a point and any two
of these lines span a plane with 2rg + g + 3 points. Each point of F is contained in a
plane spanned by two (rg + 2)-point lines. Any three of these lines span a rank-4 flat with
3rg + 3g + 4 points. The four (rg + 2)-point lines span the flat F .
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and let {i, j, k,h} = {1,2,3,4}. By the proof of Claim 8, each intersection Fi ∩ Fj is a
maximal-sized plane. Hence for each i in {1,2,3,4}, the flat Fi contains three maximal-
sized planes Fi ∩ Fj , Fi ∩ Fk , and Fi ∩ Fh. By Claim 2, any two maximal-sized planes
that are contained in a rank-4 flat intersect in a (rg + 2)-point line. Therefore, the flat
Fi contains three (rg + 2)-point lines Fi ∩ Fj ∩ Fk , Fi ∩ Fj ∩ Fh, and Fi ∩ Fk ∩ Fh.
Consequently, the flat F contains four (rg + 2)-point lines. These four maximal-sized
lines either intersect in a common point or are pairwise parallel since any two of them are
coplanar. If the second case held, then
|F | = 4(3rg+ 3g+ 4)− 6(2rg+ g+ 3)+ 4(rg+ 2)= 4rg + 6g + 6,
but this is impossible since |F |  4rg + 6g + 5. Hence these four lines intersect in a
common point. It follows that any two of these lines determine a plane with 2rg + g + 3
points and that each point of F is contained in such a plane. In particular the four (rg+2)-
point lines span the flat F . Likewise, any three of these lines determine a rank-4 flat with
3rg + 3g + 4 points. ✷
Claim 10. Assume r(F )= 5 and that F contains four rank-4 flats with 3rg+3g+4 points.
Then F contains at most six (g+2)-point lines and at most 6rg2+4g2 three-point lines. If
F contains six (g+2)-point lines and 6rg2 +4g2 three-point lines, then F contains points
p0,p1, . . . , p4 that satisfy conditions (C1) and (C2).
Proof. From Claim 9, F has four concurrent (rg+ 2)-point lines; let these be l1, l2, l3, l4,
and let p0 = l1 ∩ l2 ∩ l3 ∩ l4. Any two of these lines determine a plane with 2rg + g + 3
points, so there are six planes with 2rg + g + 3 points that are contained in F . Each
point of F is contained in one of these six planes. Since there are exactly g points in
cl(li ∪ lj )− (li ∪ lj ) in each plane cl(li ∪ lj ), there is at most one line with g+ 2 points in
this plane. Consequently, there are at most six lines in F with g+ 2 points.
Now suppose that F contains six lines with g + 2 points. For each pair i and j with
i, j ∈ {1,2,3,4}, let lij be the (g + 2)-point line that is contained in the plane cl(li ∪ lj ).
The line lij intersects each of li and lj in a point since lij contains g + 2 points while
cl(li ∪ lj )− (li ∪ lj ) contains only g points. For each point in li − {li ∩ lij ,p0} and each
point in lij − {li ∩ lij , lj ∩ lij }, there is at most one three-point line that contains these two
points, so each plane cl(li ∪ lj ) contains at most rg2 three-point lines and there are at most
6rg2 three-point lines that are contained in the maximal-sized planes in F . Any three-point
line that is not contained in the maximal-sized planes in F must be of the form {x, y, z}
where x ∈ lij −{li ∩ lij , lj ∩ lij }, y ∈ lik −{li ∩ lik, lk ∩ lik}, and z ∈ ljk −{lj ∩ ljk, lk ∩ ljk}
for some distinct indices i , j , k. There are at most 4g2 such three-point lines in F since
for each such x and y there is at most one such three-point line that contains x and y
(there are four choices for the indices i , j , k along with g choices for x and g choices
for y). If F contains 6rg2 + 4g2 lines in F with three points, then the argument above
implies that the lines lij , lik , ljk are coplanar for any distinct indices i , j , k. This means
that lij ∩ li ∩ lik is not empty for any distinct indices i , j , k. Let pi = lij ∩ li ∩ lik . Then the
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point lines that are contained in F . ✷
Claim 11. If r(M) = 5, then M has a basis satisfying axioms (C1) and (C2). Thus M is
isomorphic to TQr(G)(Q4+r (G)) for some group G of order g.
Proof. This follows immediately from Claim 10, the assumptions, and Theorem 3.1. ✷
From now on, assume r(M) > 5.
Claim 12. Each rank-4 flat of M with 3rg + 3g + 4 points is contained in exactly n− 3
rank-5 flats of M with 4rg+ 6g+ 5 points.
Proof. First we show that each rank-4 flat F with 3rg + 3g + 4 points is contained in at
most n− 3 rank-5 flats with 4rg+ 6g+ 5 points.
Assume that n= 5 and that there are three or more such rank-5 flats covering a maximal-
sized rank-4 flat. Let F1, F2, F3 be three of these flats. Then
|F1 ∪ F2 ∪ F3| = 3(4rg+ 6g+ 5)− 3(3rg+ 3g+ 4)+ (3rg + 3g+ 4)
= 6rg + 12g+ 7,
that is strictly greater than the size of M . So we can assume that n > 4. Suppose there are
t maximal-sized rank-5 flats that contain F , namely, F1,F2, . . . ,Ft . Thus each Fi covers
F in the lattice of flats of M and Fi ∩ Fj = F for distinct i and j with 1  i, j  t . Let
Fij = clM(Fi ∪ Fj ). Then rM(Fij ) > 5. However, rM(Fij )+ rM(F ) rM(Fi)+ rM(Fj )
by the semimodular law, so rM(Fij ) 6. Hence Fij is a rank-6 flat of M . Since
|Fij | |Fi ∪ Fj | = 2(4rg+ 6g+ 5)− (3rg+ 3g+ 4)= 5rg + 9g+ 6,
by assumption (6), the flat Fij is a rank-6 flat with 5rg + 10g + 6 points, that is, the flat
Fij is a maximal-sized flat of M of rank 6.
Now let Lij = Fij − (Fi ∪ Fj ). Since |Fi ∪ Fj | = 5rg + 9g + 6, we have |Lij | =
(5rg+ 10g+ 6)− (5rg + 9g+ 6)= g.
We will show that the sets Lij are pairwise disjoint. Assume |{i, j, k}| = 3. Since Fij and
Fik are maximal-sized rank-6 flats whose intersection Fij ∩Fik = Fi has rank 5, it follows
that Lij ∩ Lik must be empty. For |{h, i, j, k}| = 4, assume that Lij ∩ Lhk is nonempty
and be x be a point in Lij ∩ Lhk . the flat Fij ∩ Fhk contains the rank-5 flat clM(F ∪ {x}).
On the other hand, Fij and Fhk are distinct. Thus Fij ∩ Fhk is a rank-5 flat. Therefore,
Fij ∩Fhk = clM(F ∪{x}). Hence clM(Fij ∪Fhk) is a rank-7 flat of M by the semimodular
law. However,
|Fi ∪ Fj ∪Fh ∪ Fk| = (3rg + 3g+ 4)+ 4(rg + 3g+ 1)= 7rg+ 15g+ 8.
Therefore the rank-7 flat clM(Fij ∪ Fhk) contains at least 7rg + 15g + 8 points,
contradicting assumption (7). HenceLij ∩Lhk = ∅. Thus, the sets Lij are pairwise disjoint.
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(
t
2
)
sets Lij from the t covers of F are disjoint, it follows that the flats Fij
account for
(3rg+ 3g+ 4)+ t (rg + 3g + 1)+
(
t
2
)
g
points of M . Thus
(3rg+ 3g+ 4)+ t (rg + 3g + 1)+
(
t
2
)
g  nrg +
(
n
2
)
g+ n+ 1.
A simple calculation shows that this gives t  n− 3, as claimed.
We next show that each rank-4 flat with 3rg + 3g + 4 points is contained in exactly
n− 3 rank-5 flats with 4rg+ 6g+ 5 points.
Let S1, S2, . . . , S(n3) be the rank-4 flats of M with 3rg + 3g + 4 points and assume that
Si is contained in mi maximal-sized rank-5 flats of M for 1  i 
(
n
3
)
. We just showed
mi  n− 3.
By assumption (5), any rank-5 flat of M that contains Si but has fewer than 4rg+6g+5
points must contain exactly 3rg + 3g+ 5 points. Thus Si is contained in exactly
nrg +
(
n
2
)
g+ (n+ 1)− (3rg+ 3g+ 4)−mi(rg + 3g+ 1)
rank-5 flats with 3rg+ 3g+ 5 points. Therefore the number of pairs (Si ,F ), where F is a
rank-5 flat with 3rg + 3g + 5 points that contains Si , and where i varies from 1 to
(
n
3
)
, is
exactly
(n3)∑
i=1
(
nrg +
(
n
2
)
g + (n+ 1)− (3rg + 3g+ 4)−mi(rg + 3g + 1)
)
.
Since mi  n− 3, the number of such pairs is at least
(n3)∑
i=1
(
nrg +
(
n
2
)
g + (n+ 1)− (3rg + 3g+ 4)− (n− 3)(rg+ 3g+ 1)
)
.
This equals
(
n
3
)(
n−3
2
)
g.
On the other hand, there are
(
n
3
)(
n−3
2
)
g rank-5 flats F with 3rg + 3g + 5 points. Each
of these contains at most one rank-4 flat Si with 3rg + 3g + 4 points since the element x
where F − Si = {x} is an isthmus of M|F and, by assumption (3), M|F has at most one
isthmus. Thus the number of pairs (Si,F ) as above is at most
(
n
3
)(
n−3
2
)
g. From this and the
conclusion of the last paragraph, it follows that each mi is exactly n− 3, as claimed. ✷
Claim 13. Each rank-5 flat with 4rg+6g+5 points contains exactly four rank-4 flats with
3rg + 3g + 4 points.
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rank-4 flats by Claim 8, there are at most 4
(
n
4
)
pairs of incident maximal-sized rank-4 flats
and maximal-sized rank-5 flats. We just showed that there are exactly (n3)(n−3) such pairs
in Claim 12. The equality of these expressions shows that each rank-5 flat with 4rg+6g+5
points contains exactly four rank-4 flats with 3rg + 3g + 4 points. ✷
Now we can prove that M has a basis that satisfies properties (C1) and (C2). By Claims 7
and 11, we can assume r(M) > 5. Let F be a rank-4 flat with 3rg + 3g + 4 points. By
Claim 12 F is contained in n − 3 maximal-sized rank-5 flats. Let those rank-5 flats by
F4,F5, . . . ,Fn. Let l1, l2, and l3 be the three (rg + 2)-point lines contained in F and let
p0 be the point of the intersection of l1, l2, and l3. For each i with 4  i  n, the flat Fi
contains another (rg + 2)-point line; label these lines l4, l5, . . . , ln. Each of l4, l5, . . . , ln
contains p0. To reach the above conclusions we have applied Claims 9 and 13. The n lines
l1, l2, . . . , ln span the geometry M .
For any pair i = j , the plane cl(li ∪ lj ) has 2rg + g + 3 points and there are g points
in the set cl(li ∪ lj )− (li ∪ lj ). It follows that each point of M is contained in one of the
maximal-sized planes and each (g+ 2)-point line is contained in one of the maximal-sized
planes. Since there is at most one (g+ 2)-point line contained in the plane cl(li ∪ lj ), there
are at most
(
n
2
)
lines of M with g+ 2 points. Since M contains exactly (n2) lines with g+ 2
points, the g points in cl(li ∪ lj )− {li ∪ lj } are collinear and this line intersects each of li
and lj in a point. Let lij be the (g+ 2)-point line in cl(li ∪ lj ).
Consider the three-point lines of M . Each maximal-sized plane cl(li ∪ lj ) contains at
most rg2 three-point lines. Hence there are at most
(
n
2
)
rg2 three-point lines of M that are
contained in the maximal-sized planes.
Any three-point line of M that is not contained in a maximal-sized plane must be
of the form {x, y, z} where x ∈ lij − {li ∩ lij , lj ∩ lij }, y ∈ lik − {li ∩ lik, lk ∩ lik}, and
z ∈ ljk − {lj ∩ ljk, lk ∩ ljk} for some distinct indices i , j , k. Therefore there are at most(
n
3
)
g2 such three-point lines in M since for each such x and y there is at most one such
three-point line that contains x and y . Since M contains exactly
(
n
2
)
rg2 + (n3)g2 lines
with three points, the argument above implies that the lines lij , lik , ljk are coplanar
for any distinct indices i , j , k. Therefore all lines lij intersect li in the same point; let
pi be this point. By counting the number of three-point lines of M , it follows that the
points p0,p1, . . . , pn satisfy conditions (C1) and (C2). This completes the proof that M is
isomorphic to TQr(G)(Qn+r (G)) for some group G of order g. ✷
5. Tutte polynomials
The Tutte polynomial of a matroid M on the ground set S is defined as
t (M;x, y)=
∑
(x − 1)r(M)−r(A)(y − 1)|A|−r(A).
A⊆S
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and corank, the number of independent sets of each cardinality and whether the matroid M
is connected [6,8].
The following theorem of Brylawski [6] shows that its number of flats of each rank
having sufficiently large cardinality can be obtained from its Tutte polynomial.
Theorem 5.1. For a rank-r matroid M and any integer i with 0  i  r , let ci be the
largest cardinality among rank-i flats of M . Then for each i with 1 i  r and each j with
ci−1 < j  ci , we can express the number of flats of M having rank i and cardinality j as
a linear combination of the coefficients of the Tutte polynomial of M .
The following theorem, the main result of this section, is a corollary of Theorem 4.1.
Theorem 5.2. Suppose that n and r are positive integers, both exceeding two. If G is
a nontrivial group and t (M;x, y) = t (TQr(G)(Qn+r (G));x, y), then M is isomorphic
to TQr(G′)(Qn+r (G′)) for some group G′ of order |G|. That is, the complete principal
truncations of Dowling lattices at modular flats are, up to the order of the group,
dichromatically unique.
Proof. From Theorem 5.1 and the assumption t (M;x, y) = t (TQr(G)(Qn+r (G));x, y),
we can verify that M satisfies conditions (1)–(7) in Theorem 4.1. Hence M is isomorphic
to TQr(G′)(Qn+r (G′)) for some group G′ that has the same order as G. ✷
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